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Variational Quantum Algorithms

Cerezo, M., Arrasmith, A., Babbush, R. et al. Variational quantum 

algorithms. Nat Rev Phys 3, 625–644 (2021). 

https://doi.org/10.1038/s42254-021-00348-9



Reasons Make BARREN PLATEAUS exist in 
Variational Quantum Algorithms 

•Random circuits approximate unitary 2-designs → gradients vanish.

•Use of global cost functions → exponential gradient suppression.

•Poor ansatz architecture or random initialization.

•Noise drives states toward maximally mixed → flat landscapes.

Cunningham, J., Zhuang, J. Investigating and mitigating barren plateaus in 
variational quantum circuits: a survey. Quantum Inf Process24, 48 (2025). 
https://doi.org/10.1007/s11128-025-04665-1



THE RANDOMNESS 
(FIRST)



A barren plateau is a phenomenon in variational 
quantum algorithms where the gradient of the cost 
function vanishes exponentially with system size:

This makes training variational quantum circuits 
(VQAs) very difficult because the optimization 
landscape is almost flat.

Paper: McClean, Jarrod R., et al. "Barren plateaus in 

quantum neural network training landscapes." Nature 

communications 9.1 (2018): 4812. Gard, B.T., Zhu, L., Barron, G.S. et al.. npj Quantum Inf 6, 

10 (2020).



Example 1

https://quantum-journal.org/papers/q-2022-09-29-824/



Example 2: 

: McClean, Jarrod R., et al. "Barren plateaus in quantum neural network training landscapes." Nature communications 9.1 (2018): 4812



Example 2 Follow-up

: McClean, Jarrod R., et al. "Barren plateaus in quantum neural network training landscapes." Nature communications 9.1 (2018): 4812



THE GLOBAL COST 
FUNCTION (SECOND)



The Global Cost function 

For global cost functions, variance of gradient 

decreases exponentially with system size → hard to 

train

⚬A random circuit “scrambles” the state across the entire Hilbert space.

⚬A global operator is like taking the “average” over all qubit configurations.

⚬Gradients tend to cancel out, leaving nearly zero signal → Barren Plateau.

⚬Local cost functions only depend on a subset of qubits, so the gradient 

variance decreases polynomially instead of exponentially.

Intuition:

Example



Example Figures 

[9] Jarrod R McClean, Sergio Boixo, Vadim N 

Smelyanskiy, Ryan Babbush, and Hartmut Neven, 

“Barren plateaus in quantum neural network training 

landscapes,” Nature communications 9, 4812 (2018) 

Cerezo, M., Sone, A., Volkoff, T. et al. Cost function dependent barren 

plateaus in shallow parametrized quantum circuits. Nat Commun 12, 

1791 (2021).



Numerical simualtions: Quantum autoencoders for efficient compression of quantum data Romero, J., Olson, J. P., & 

Aspuru-Guzik, A. (2017). Quantum autoencoders for efficient compression of quantum data. Quantum Science and 

Technology, 2(4), 045001.



LOCALITY BUT NO GOOD 
INITIALIZATION!



Locality but no good initialization

Results
Park, C. Y., & Killoran, N. (2024). Hamiltonian variational ansatz without 

barren plateaus. Quantum, 8, 1239.



NOISE CONDITION? 





If condition is satisfied, cost function exponentially concentrates and the 
gradient exponentially vanishes 



Numerics Example: QAOA 

QAOA heuristics in the presence of realistic hardware noise: 
increasing number of rounds for fixed problem size MaxCut problems Noise 

model based on gate-set 

tomography on IBM Ourense 

Wang, S., Fontana, E., Cerezo, M., Sharma, K., Sone, A., Cincio, L., & Coles, P. J. (2021). Noise-induced barren plateaus in variational quantum algorithms. Nature 

communications, 12(1), 6961.



A UNIFIED THEORY 
THAT HELPS TO 
DETECT BARREN 

PLATEAUS ? 



Yes! Thanks to   

Ragone, M., Bakalov, B.N., 

Sauvage, F. et al. A Lie algebraic 

theory of barren plateaus for deep 

parameterized quantum 

circuits. Nat Commun 15, 7172 

(2024).



Ragone, M., Bakalov, B.N., Sauvage, F. et al. A Lie algebraic theory of barren plateaus for deep parameterized quantum circuits. Nat Commun 15, 

7172 (2024).



WHAT IS HAPPENING FOR 
BARREN PLATEAUS IN 

QUANTUM COMPUTING FOR 
QUANTUM CHEMISTRY? 



Solutions

2️⃣ Gard et al. (2020–2021) Key Idea

Gard et al. suggested that when a variational ansatz aligns with the symmetries of the Hamiltonian, it 

limits the state space, preventing the circuit from fully exploring the entire Hilbert space.

⚬Full Hilbert space → results in barren plateaus due to 2-design behavior.

⚬Symmetry-restricted space → creates a smaller effective Hilbert space → gradients do not vanish 

as quickly.

In simpler terms:

Symmetry ⟹ Reduced effective dimension ⟹ No barren plateau (or mitigated).



The Cost Function for LiH is More Global

For H₂, the Hamiltonian is brief and primarily 2-local.

In contrast, for LiH, the Hamiltonian contains numerous Pauli terms, such 

as:

⚬Z⊗Z 

⚬Y⊗X⊗Z 

⚬X⊗Y⊗I⊗Z⊗Z, among others.

A random ansatz typically mixes all qubits, resulting in a nearly 

uniform state. This causes all expectation values to approximate 

zero, and the gradients to do the same.



Methods using Local Cost in Chemistry

Here are real techniques used today:

 1. ADAPT-VQE

Adds one operator at a time using local gradients → no BP.

 2. Qubit-Excitation Pool (QEB)

Lie algebra–based excitations acting on few qubits only.

 3. Fragmentation / DMET-VQE

Compute energy of fragments → local cost only.

 4. Operator grouping

Use qubit-wise commuting (QWC) groups → local clusters.

 5. Local Unitary Coupled Cluster (tUCC)

Restrict excitation operators to local orbital neighborhoods.



Symmetry Restriction and Barren 
Plateaus in Variational Quantum 
Algorithms 

Introduction
Barren plateaus: regions with vanishing gradients 
in variational quantum algorithms Training 
becomes difficult due to exponentially small 
gradients 



Symmetry in Hamiltonians
⚬Hamiltonian H may have a symmetry group G
⚬  Example: particle number conservation, spin 

parity
⚬  Mathematically: [H, Ô] = 0, Ô ∈ G

Symmetry-Preserving Ansatz 



Gradient Scaling 



Concrete Example: Particle-Number Symmetry



Conclusion
⚬Symmetry restriction reduces risk of barren 

plateaus
⚬  Enables more efficient training of variational 

quantum algorithms



SYMMETRY RESTRICTION 
AND BARREN PLATEAUS IN 

VARIATIONAL QUANTUM 
ALGORITHMS



Introduction
⚬Barren plateaus: regions with vanishing 

gradients in variational quantum algorithms
⚬Training becomes difficult due to 

exponentially small gradients



⚬Efficient Symmetry-Preserving State Preparation Circuits for the VQE Algorithm (Gard et al., 2019) 

Constructs ansätze preserving symmetries relevant for chemistry, avoiding irrelevant sectors. Tested on H₂ and 

LiH, showing improved performance and lower circuit depth. Link: https://arxiv.org/abs/1904.10910

⚬Variational Quantum Circuits to Prepare Low Energy Symmetry States (Selvarajan, Sajjan, Kais, 

2022)Circuits map trial states into a symmetry subspace and optimize within it. Tested on spin-XXZ 

Hamiltonian and H₂ (Sz = 0). Converges well with low-depth circuits. Link: Efficient Symmetry-Preserving State 

Preparation Circuits for the VQE Algorithm (Gard et al., 2019) Constructs ansätze preserving symmetries 

relevant for chemistry, avoiding irrelevant sectors. Tested on H₂ and LiH, showing improved performance and 

lower circuit depth. Link: https://arxiv.org/abs/1904.10910

⚬Efficient Particle-Conserving Symmetric Quantum Circuits (Ayeni et al., 2025) Method for building 

symmetric circuits respecting particle number and Z₂/Z₃ symmetries. Numerical analysis shows 

better performance with symmetry-preserving parametrizations. Link: Variational Quantum Circuits to 

Prepare Low Energy Symmetry States (Selvarajan, Sajjan, Kais, 2022)Circuits map trial states into a symmetry 

subspace and optimize within it. Tested on spin-XXZ Hamiltonian and H₂ (Sz = 0). Converges well with low-

depth circuits. Link: Efficient Symmetry-Preserving State Preparation Circuits for the VQE Algorithm (Gard et 

al., 2019) Constructs ansätze preserving symmetries relevant for chemistry, avoiding irrelevant sectors. 

Tested on H₂ and LiH, showing improved performance and lower circuit depth. Link: 

https://arxiv.org/abs/1904.10910
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⚬Preserving Symmetries for VQE in the Presence of Noise (Barron et al., 2021) Encoding Hamiltonian 

symmetries reduces quantum/classical resource overhead and mitigates errors. Effective in noisy NISQ 

devices.Link: Efficient Symmetry-Preserving State Preparation Circuits for the VQE Algorithm (Gard et al., 2019) 

Constructs ansätze preserving symmetries relevant for chemistry, avoiding irrelevant sectors. Tested on H₂ and 

LiH, showing improved performance and lower circuit depth. Link: https://arxiv.org/abs/1904.10910

⚬Exploiting Symmetry in Variational Quantum Machine Learning (Meyer et al., 2023) Builds equivariant 

parametrized circuits respecting problem symmetries. Shows significantly better generalization performance 

than naive circuits. Link: Variational Quantum Circuits to Prepare Low Energy Symmetry States (Selvarajan, 

Sajjan, Kais, 2022)Circuits map trial states into a symmetry subspace and optimize within it. Tested on spin-

XXZ Hamiltonian and H₂ (Sz = 0). Converges well with low-depth circuits. Link: Efficient Symmetry-Preserving 

State Preparation Circuits for the VQE Algorithm (Gard et al., 2019) Constructs ansätze preserving symmetries 

relevant for chemistry, avoiding irrelevant sectors. Tested on H₂ and LiH, showing improved performance and 

lower circuit depth. Link: https://arxiv.org/abs/1904.10910
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Conclusion
⚬A unified theory exist: A Lie algebraic theory of 

barren plateaus for deep parameterized quantum 
circuits. What is beyond? Symmetry help? Are more 
sources of BP?

⚬Symmetry restriction reduces risk of barren plateaus
⚬Enables more efficient training of variational 

quantum algorithms
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